The maximum evolution speed of a quantum system can be represented by quantum speed limit time (QSLT). We investigate QSLT of a two-qubit system passing through a correlated channel (amplitude damping, phase damping, and depolarizing). Our results show that, in amplitude damping channel and depolarizing channel, QSLT may be shortened in some cases by increasing channel correlation and initial entanglement, which are in sharp contrast to the phase damping channel. In particular, under the depolarizing channel, the transitions from no-speedup evolution to speedup evolution for the system can be occurred by changing the correlation strength of channel.
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I. INTRODUCTION
How to drive the initial state of a quantum system to the target state in the minimum evolution time is a fundamental and important issue of quantum physics [1] [2] [3] [4] [5] [6] [7] [8] [9] . The quantum speed limit time (QSLT) defines the minimum evolution time between two given states of a quantum system. It sets the maximal rate with which quantum information can be processed [1] , the maximal rate with which quantum information can be communicated [10] , the maximal rate of quantum entropy production [11] , the shortest time-scale for quantum optimal control algorithms to converge [12] [13] [14] [15] , and determines the spectral form factor [16] . Originally, for a closed system with unitary evolution, QSLT is obtained by unifying Mandelstam-Tamm (MT) type bound and MargolusLevitin (ML) type bound [17] [18] [19] [20] . Since the quantum system inevitably interacts with the environment, the bounds of evolution time including both MandelstamTamm (MT) and Margolus-Levitin (ML) types focused on the open system with nonunitary dynamics process have also been formulated [21] [22] [23] [24] . More specifically, three independent approaches of how to quantify the maximal quantum speed of systems in noisy channels have been proposed. Taddei et al [24] found an expression in terms of the quantum Fisher information to quantify quantum speed of system in the typical noisy channels. Del Campo et al [25] bounded the rate of change of the relative purity to provide the speed of evolution under an open-system dynamics. And Deffner and Lutz [26] derived a Margolus-Levitin-type bound on the minimal evolution time of an arbitrarily driven open quantum system. These results have caused the interest of some further research about quantum speed limit.
Recently, some remarkable progress has been made in analyzing the effects of the environment on open quantum systems. Here, people focus on two aspects of the en- * Electronic address: gf1978zhang@buaa.edu.cn vironment's impact on open systems: transition between quantum states and loss of phase coherence induced by dissipative and pure decoherence environments [27] [28] [29] [30] [31] . For example, the decoherence speed limit for the spindeformed bosonic model and the impacts of the nonlinear environment has been considered in pure phase-damping channel [32] . The non-Markovianity and the formation of the system-environment bound states have been proven to accelerate the evolutional speed of quantum states by studying the dynamics of a dissipative two-level system [33] [34] [35] [36] [37] . In the weak-coupling regime between the qubit and the first-layer environment, the speedup dynamics behavior of the quantum system can be realized by controlling the hierarchical environment [38] . Furthermore, the potential speedup of quantum evolution of a given Nqubit entanglement state can be also achieved by controlling the number of the independent amplitude-damping channels [39] .
While the above works investigated only the case for which the channel acts identically and independently on the sequence of qubits passing through it, the effects of correlations on consecutive applications of the channel on evolutional speed of these qubits are usually neglected. But in the laboratory, this realistic problem should be taken into account. For instance, when a number of qubits pass through a channel, except for the very special case where the time interval between its successive applications of these qubits is infinitely small, the channel may have retain a memory of past events and the uncorrelated channel model will be inapplicable [40] . So it is very meaningful to study how the correlation strength of the channel affects the dynamic evolution of the quantum system.
To this end, in this paper, we consider a model with classical correlations between two consecutive applications of channel. We used the quantum speed limit time to evaluate the speed of quantum state evolution and considered the three common noise sources: the amplitude damping channel, phase damping channel and depolarizing channel. Based on these, we analyzed in detail effects of the consecutive applications of the noisy channel and the entanglement of the initial state on dynamical evolution process of the two-qubit system.
II. CORRELATED QUANTUM CHANNEL AND QSLT
In this section, we first review two different types of quantum channels including memoryless channels and memory channels. For memoryless channels, the quantum channels act identically and independently on each of the quantum system. More specifically, suppose N times uses of this channel ε, then we have ε N = ε ⊗N . However, in the reality, the correlations between consecutive uses of the channel on a set of quantum systems may exist, so that the channel acts dependently on each channel input, ε N = ε ⊗N . Such channels are called memory channels.
For the sake of simplicity, we focus our attention on two uses of quantum channels. Given the initial state ρ 0 of the system, the output state will be given by
where
are the Kraus operators of the channel which satisfy the completeness relationship, and i1i2 p i1i2 = 1. Here, p i1i2 represents that the joint probability that a random sequence of operations is applied to the sequence of two qubits transmitted through the channel. For memoryless channels, these operations B i1 ⊗ B i2 are independent and therefore lead to p i1i2 = p i1 p i2 . However, for a memory channel, these operations are time-correlated. Macchiavello and Palma [41] proposed such a model, for which the joint probability is given by
where µ ∈ [0, 1] represents the degree of classical correlation in the performance of the channel. For µ = 0, this model depicts independent applications of the channel, while for µ = 1, the applications of the channel become fully correlated. Then put Eq. (2) into Eq. (1), the Kraus operators for two consecutive uses of a channel with partial memory are
With above description, we consider two times consecutive uses of the noisy channel (i.e., amplitude damping, phase damping, and depolarizing channels). Based on the Kraus operator approach, for any initial state ρ 0 , the final state of the system in correlated noise channel can be given by [41, 43] 
Eq. (4) implies that the same operation is applied to two qubits with probability µ, whereas different operations are applied to two qubits with probability 1 − µ. Next, to study the speed of the system dynamics evolution process, we need to start with the definition of the QSLT for an open quantum system. The QSLT can effectually define the bound of minimal evolution time for arbitrary initial states, and be helpful to analyze the maximal evolution speed of an open quantum system. Deffner et al [26] derived a unified lower bound of the quantum speed limit time which is determined by an initial state ρ 0 and its target state ρ τD . With the help of the von Neumann trace inequality and the Cauchy-Schwarz inequality, the QSLT is obtained as
with Λ
denotes the Schatten l-norm, σ 1 , σ 2 , · · · , σ n are the singular values of A, τ D denotes the driving time.
And B (ρ 0 , ρ τ ) = arccos φ 0 |ρ τ | φ 0 denotes the Bures angle between the initial and target states of the quantum system. Based on the operator norm (l=∞, that is Λ
of the nonunitary generator, the ML-type bound provides the sharpest bound on the QSLT [26] . Therefore, for the initial pure state, we use this ML-type bound to demonstrate the QSLT of the dynamics evolution from an initial state ρ 0 and its target state ρ τD . However, Eq. (5) is not feasible for mixed initial states. Fortunately, based on the relative purity along with von Neumann trace inequality and the Cauchy-Schwarz inequality, a unified lower bound on the QSLT including both MT and ML types has been derived for arbitrary initial states in the open quantum systems [21] , which reads
In this section, in order to illustrate the roles of the correlation strength of channel µ, the entanglement of the initial state and other parameters on the quantum evolution speed of system, we should firstly use the MLtype bound to calculate QSLT of the dynamics evolution from an initial state ρ 0 to a final state ρ τ by an actual evolution time τ . Below, we explain the influence of the above parameters on the evolution speed of the system from amplitude damping, phase damping and depolarizing channels.
A. Quantum speedup in the correlated amplitude damping channel
As we all know, the amplitude damping channel describes relaxation processes, such as spontaneous emission of an atom, in which the system decays from the excited state |1 to the ground state |0 . The Kraus operators for a generic single qubit are given by
where P = e −Γt is the decay of the excited population, and Γ is the dissipation rate. If two qubits are considered to pass the uncorrelated amplitude damping case, the Kraus operators are defined as the following form
A full-memory amplitude damping channel was introduced in Ref. [43] . And the Kraus operators E kk is given by
In this work, we consider the initial state ρ 0 = |Φ Φ|, where Φ = α|00 + β|11 with 0 ≤ α ≤ 1. According to Eq. (4), in the correlated amplitude damped channel, the evolved density matrix of the two-qubit system, whose elements in the standard computational basis {|1 ≡ |11 , |2 ≡ ||10 , |3 ≡ |01 , |4 ≡ |00 } are
According to Eq. (10), we can clearly find that, 
Therefore, in the correlated amplitude damping channel, Eq. (5) can be written as
with P τ means the excited population of the final state ρ τ . It is clearly to find that the QSLT of the two-qubit entanglement state is evaluated as a function of the correlation strength of channel µ and the initial entanglement (α, β). By confirming an actual evolution time τ , the influences of the correlation strength of channel µ, the excited population P τ and the entanglement of the initial state on the QSLTs are depicted in Figs. 1 and 2 . The entanglement of the system can be characterized by the Wootter ′ s concurrence. For the initial two-qubit state ρ 0 , the concurrence can be obtained C = 2|αβ|. In Fig. 1(a) , we first consider the case where the initial state is prepared in an unentangled state. By fixing P τ , we find that the QSLT increases or does not change as µ increases. This means that when the initial state is unentangled, the increase of µ inhibits the speedup evolution of the system. However, for the initial entangled state in Fig. 1(b) , the larger µ can lead to the greater potential speedup of the evolution process at a certain region [P critical τ , 1]. Combining the above analysis, we find that the effect of the correlation strength of channel µ on QSLT depends the excited population P τ of the final state and the initial state.
In the following, to more intuitively explain the effect of the initial entanglement C and the correlation strength of channel µ on the QSLT, we fix P τ = 0.05 < P τc (P τc means a critical value of P τ ) in Figs. 2(a) and (c) and P τ = 0.5 > P τc in Figs. 2(b) and (d) . From Figs. 2(a) and (b), for both the values of P τ , the potential speedup capacity of evolution process can be enhanced by the increase of the entanglement of the initial state. On the other hand, by fixing the entanglement of the initial state C in Fig. 2(c) , QSLT will monotonically increase as increasing µ, implying that the evolution speed decreases with the enhancement of µ. However, in the case the initial entanglement C > 0 in Fig. 2(d) , the evolution speed can be strengthen as increasing µ. Differently, when the initial state unentangled C = 0, no matter how we adjust µ, the speedup evolution of the two-qubit system would not occur. That is to say, the evolution speed of the unentangled two-qubit state is unaffected by µ. Finally, it should be emphasized that, in the correlated amplitude-damped channel, when P τ > P τc and the initial state is an entangled state, the existence of the correlation strength µ of channel increases the system evolution speed compared with uncorrelated µ = 0.
B. Quantum speedup in the correlated phase damping channel
The phase damping channel describe a decoherencing process without exchanging energy with the environment. The Kraus operators of a single qubit in the phase damped channel are represented as the Pauli operators σ 0 = I and σ 3 . Suppose that two qubits pass through memoryless phase-damped channel, then Eq. 
whereas two consecutive uses of the dephasing channel, the Kraus operator E kk can be expressed as (11) and (12) into Eq. (4), the density matrix elements of the two qubits in the correlated phase damped channel can be expressed in the following form
Due to the density matrix elements of the two qubits only the two nondiagonal terms decay, the evolution under the correlated phase damping channel is easier to analyze. In the correlated damped channel, we mainly focus on the influence of the correlation strength of channel and initial entanglement on QSLT. Based on Eq. (13),
The singular values are σ 1 = σ 2 = |2pαβ(−1 + µ)||ṗ|, σ 3 = σ 4 = 0. Therefore, Eq. (5) can be simplified as
Clearly, QSLT increases with the increase of the initial entanglement C, suggesting that enhance the initial entanglement will suppress the capacity for potential speedup of the quantum state. Furthermore, another meaningful result can be acquired from the above QSLT expression: under the correlated damped channel, QSLT of the dynamics evolution from ρ 0 to ρ τ does not depend on the correlation strength of channel µ for a given two-qubit pure initial state. And then, one might question whether this is true for the arbitrary initial time parameter of the system. To resolve this problem, we explore effects of the correlation sterength of channel µ on the quantum speed limit time in the whole dynamical process. According Eq.
(6), by fixing γ =
. With this, it is easy to show that τ QSL is related to the dephasing rate, initial entanglement and the correlation strength of the channel. Fig. 3 shows the results of our analysis τ QSL with different µ. We observe that, for the same driving time τ D = 1, the larger the correlation strength of the channel can decrease the speed of evolution of a quantum system, and thus demand the longer τ QSL . Besides, by considering the relatively larger initial time parameter τ , the quantum speed limit time can be rewritten as τ QSL = 2αβµ. Therefore, when
is fixed in Fig. 3 , the value of τ QSL will stabilize around µ after a finite limited time. Finally, it is worth emphasizing that, in the correlated phase-damped channel, the increase of µ does not have a favorable effect on the speedup evolution process of the system.
C. Quantum speedup in the correlated depolarizing channel
The depolarizing noise is the quantum operation that depolarizes the state into a completely mixed state. The Kraus operators for a single qubit are
(1 − p) and p = exp(−γt). Assume the time interval between channel successive applications on the two qubits is infinitely small, the uncorrelated depolarizing channel model can be applicable. At this point, Eq. 3 can be written as
Here we will consider the case of two consecutive uses of the depolarizing channel, the Kraus operator E kk can be given as
According to Eq. (4), the density matrix elements of the two qubits are
is the largest singular value we want to choose. Then, the quantum speed limit time can be obtained τ QSL /τ = . Next, we still focus on the effects of initial entanglement and the correlation strength of channel on the speedup evolution of system quantum states. Firstly, when the channels are partially correlated or not correlated (i.e., µ = 0, 0.3, 0.6), τ QSL /τ changes nonmonotonically with the increase of initial entanglement C, as shown by the inset of Fig. 4(a) . Specifically, τ QSL /τ goes from 1 to the minimum to 1. This means that the maximum potential evolution speedup process of the quantum state can be obtained by preparing the appropriate initial entanglement C. Differently, when the channels are fully correlated (i.e., µ = 1) in Fig. 4(a) , the quantum speed limit time can be written as τ QSL /τ = √ 1 − C 2 , implying the larger initial entanglement can lead to the greater potential speedup of the evolution process. Besides, since the initial state is the maximum entangled state or the separable state, the quantum system does not evolve. Therefore, to better study the variation of τ QSL /τ with µ, we fixed the initial entanglement (0 < C < 1) in Fig.  4(b) . We can clearly see that the speedup evolution of quantum states occurs in a certain region [µ critical , 1].
And it is worth noting that, for initial entangled state (0 < C < 1), the maximum speed of evolution of quantum states occurs in fully correlated depolarizing channel.
IV. CONCLUSION
In conclusion, we have explored dynamical evolution process of two qubits when they pass through a correlated noisy channel. By using the quantum speed limit (QSL) time to define the speedup evolutional process, we discuss the influence of the initial entanglement and the correlation strength of the channel on the quantum evolutional speed of the two-qubit state in decoherence channels (i.e., amplitude phase channel, phase damping channel and depolarizing channel). We observed that, in the correlated phase damped channel, enhance the correlation strength of channel and initial entanglement will inhibit the speedup evolutionary process. However, in the correlated amplitude phase channel, when the excited population P τ is larger than a critical value and the initial state is an entangled state, the existence of the correlation strength of the channel will increase the system evolution speed compared with uncorrelated channel. Furthermore, under the correlated depolarizing channel, the transitions from no-speedup phase to speedup phase for the system can be occurred in a specific region of the correlation strength of channel. In particular, compared with no correlation and partial correlation between depolarizing channels, the evolution speed of quantum states in fully correlated damped channels is the highest. Finally, it's important to emphasize that, any physical process can be represented as a quantum channel mapping an initial state to a final state, the decoherence channel model (amplitude-damping channel, phase-damping channel, depolarizing channel) considered here is rather general, and the obtained results are hoped to be of guiding significance in understanding the dynamic evolution process of the system immersed in real environments.
